UNCONDITIONAL MOTIVIC GALOIS GROUPS 
AND VOEVODSKY'S NILPOTENCE CONJECTURE 
IN THE NONCOMMUTATIVE WORLD 

MATILDE MARCOLLI AND GONgALO TABUADA 

Abstract. In this article we further the study of noncommutative pure mo- 
tives initiated in [13, 14, 15]. We construct unconditional noncommutative 
motivic Galois groups and relate them to the unconditional motivic Galois 
groups developed originally by Andre-Kahn. Then, we introduce the correct 
noncommutative analogue of Voevodsky's nilpotence conjecture and explore its 
interaction with the finite dimensionality of noncommutative Chow motives as 
well as with Voevodsky's original conjecture. 

Motivating questions 

Via an evolved "(g)-categorification" of the classical Wedderburn-Malcev's the- 
orem, Andre and Kahn constructed in [5] unconditional motivic Galois groups. 
These groups Gain (attached to every classical Weil cohomology H) are well- 
defined up to an interior automorphism and do not require the assumption of any 
of Grothendieck's standard conjectures. This lead us naturally to the following 

Question: Do these unconditional motivic Galois groups Gain admit noncom- 
mutative analogues Gal^ ? If so, what is the relation between Gain and Gal^ ? 

In a foundational work [18], Voevodsky introduced the smash- nilpotence equiv- 
alence relation on algebraic cycles and conjectured its agreement with numerical 
equivalence. Subsequently, O'Sullivan [Ki] found a beautiful link between this con- 
jecture and the finite dimensionality of Chow motives. This circle of conjectures 
motivates the following 

Question: Does Voevodsky's nilpotence conjecture admits a noncommutative 
analogue ? If so, what is its relation with the finite dimensionality of noncommu- 
tative Chow motives and with Voevodsky's original conjecture ? 

In this article we provide precise answers to the above questions; see Theorems 
1.7 and 4.1. In the process we show that orbit categories are well-behaved with 
respect to Cx)-nilpotence; see Proposition 2.1. 

Preliminaries 

Throughout the article we will reserve the letter k for the base field and the 
letter F for the field of coefficients. The pseudo-abelian envelope construction will 
be denoted by (—)''. We will make use of the language of differential graded (=dg) 
categories; consult §2] or Keller's ICM address [9]. Given a dg category A we 
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will denote by A°'^ its opposite dg category. Moreover, we will denote by k the 
dg category with a single object and with k as the dg algebra of endomorphisms 
(concentrated in degree zero). Recall that a dg category A is called smooth and 
proper in the sense of Kontsevich [11] if it perfect as a bimodule over itself and 
for each pair of objects {x, y) the complex A{x, y) of fc- vector spaces verifies the 
inequality '^^^idivaWAix^y) < oo. A large class of examples of smooth and 
proper dg categories is provided by the dg enhancements Ppfrf(Z) of the derived 
categories Vp^rfiZ) of perfect complexes of Oz-modules over smooth projective 
fc-schemes Z; consult Lunts-Orlov [12]. 

We will also assume that the reader is familiar with the categories Chow(fc) p and 
Num(fc)j? of Chow and numerical motives (see [2, §4]) as well as with the categories 
NChow(fc) F and NNum(fc) p of noncommutative Chow and numerical motives (see 
[15, §3]). Recall that in analogy with the commutative world, the morphisms in 
NChow(fc)i7' and NNum(fc)F are called noncommutative correspondences. 

Finally, we will make reference to the standard conjectures C and D (see [2, §5]) 
as well as to the noncommutative standard conjectures Cnc and Dnc (see [15]). 

1. Unconditional motivic Galois groups 

Throughout this section we will assume that F is a field of characteristic zero 
and moreover that fc is a field extension of F or vice- versa. 

As proved in [15, Thm. 7.2], periodic cyclic homology HP gives then rise to a 
well-defined _F-linear (g)-functor 

(1.1) iTK ■■ NChow(fc)F — > sVect(/f) 

with values in the category of finite dimensional super K-vector spaces (with K = F 
when F is a field extension of k and K = k when /c is a field extension of F). 
Following [15, Def. 10.4], let us denote by NHom(/c)_F the category of noncommuta- 
tive homological motives, i.e. the pseudo-abelian envelope of the quotient category 
NChow(fc)i?/Ker(iJP*) where Kct{HP^,) is the kernel of (1.1). Since by construc- 
tion the category sVect{K) is idempotent complete the above functor (1.1) descends 
to a faithful F-linear (8)-functor 

(1.2) iTK : NHom(fc)i? — > sVect(AO . 

Now, let us denote by NHom(fc)^ the full subcategory of those noncommutative 
homological motives N whose associated Kiinneth projectors 

arc algebraic, i.e. that can be written as tt^ = 

HP*{2Ln) with TT^ noncommutative 
correspondences. By hypothesis F is of characteristic zero and so K is (in both 
cases) a semi-simple F-algebra. Hence, by applying [5, Prop. 2] to the functor (1.2) 
we obtain a new rigid symmetric monoidal category NHom^(fc)^ (obtained from 
NHom(fc)^ by modifying its symmetric isomorphism constraints) and a composed 
faithful F-linear (X)-functor 

(1.3) NHom^(fc)| C NHom(fc)i. ^ sVect(ii:) — > Yect{K) , 

where the last functor is the forgetful functor. More importantly, NHom^(fc)^ is 
semi-primary, its (g)-ideals TZ^ and J\f^ agree, the quotient category 

NNumt(/s)± NRom' (k)^ / Af^ C NNum(fc)j. 
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is abelian semi-simple, and the canonical projection (X)-functor 
(1.4) NHom1"(fc)^ — > NNum^(fc)| 

is conservative; consult ['i, §1]. By [5, Thm. 8 a)] the projection (1.4) admits then 
a (8)-section and any two such (^-sections are conjugated by a O-isomorphism. By 
choising a ^-section s^^ we obtain then a composed faithful F-linear (X>-functor 

UHP : NNum^(fc)| ^ NHom^(fc)| Yect{K) . 

Note that when endowed with ljhp, the category NNum^(/c)^ becomes a Tannakian 
category; see [l -l, Appendix A]. 

Definition 1.5. The unconditional noncommutative motivic Galois (jToup Gal^j? is 
the group Aut ^(wHp) of ^-automorphisms of the above fiber functor ojhp- 

Note that a different choice of the (8)-section gives nevertheless rise to an isomor- 
phic group (via an interior automorphism). Moreover, since NHom^(A:)^ is abelian 
semi-simple, Gal^p is a pro-reductive group, i.e. its unipotcnt radical is trivial. 

Assuming the noncommutative standard conjectures Cnc and D^fc, Gal^p 
identifies with the noncommutative motivic Galois group Gal(NNum^(fc)i?) intro- 
duced^ by the authors in [15]. This follows from the fact that by Cnc we have the 
equality NHom(fc)p = NHom(fc)i? (see [15, §9]) and that by Dnc we can choose 
the Cg)-section to be precisely the identity functor (see [15, §10]). 

Remark 1.6. Assume that fc is a field extension of F. Then, the proof of [15, 
Thm. 1.3] shows us that for every smooth projective fc-scheme Z which satisfies the 
classical sign conjecture, the associated dg category '^'^^^{Z) belongs to NHom(fc)p. 
As proved by Kleiman [Id], this is the case for all abelian varieties. Using the 
stability of NHom(A;)p under direct factors and tensor products (see [15, Prop. 8.2]) 
we obtain then a large class of examples of noncommutative motives belonging to 
NHom(fc)| (and hence to NNum'l'(fc)|). 

Theorem 1.7. (i) When k is a field extension of F we have a well-defined 
comparison group homomorphism 

(1.8) Gal^^ ^ Ker {t : Ga^ - Galdp(Q(l))) , 

where Gald/f(Q(l)) denotes the Galois group of the Tannakian subcategory 
generated by the Tate motive Q(l). 

(ii) When k = F the comparison homomorphism (1.8) reduces to 

(1.9) Gal;^^ ^ Ker {t : Ga^ ^ ^m) , 

where Q„i is the multiplicative group. 

(iii) Assuming the standard conjectures C and D as well as the noncommutative 
standard conjectures Cnc and DnCj the above comparison homomorphism 
(1.9) identifies with the comparison homomorphism 

Gal(NNumt(fc)fe) ^ Ker (^t : Gal(Num^(fc)fc) ^ G^j 

constructed originally in [15, Thm. 1.7]. 



In loc. cit. we have restricted ourselves to neutral Tannakian categories and hence to the 
case where _F is a field extension of k. However, the general case is completely similar. 
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Intuitively speaking, Theorem 1.7 shows us that the (xj-symmctrics of the com- 
mutative world which can be lifted to the noncommutative world are precisely those 
that become trivial when restricted to the Tate motive. 

Remark 1.10. As explained by Deligne in [7, §1.6], in the non-neutral setting one 
should replace Galois groups by Galois groupoids. More precisely, associated to 
every Tannakian category T (defined over a field F of characteristic zero) and fiber 
functor Lu : T ^ Mod(fc) with values in the category of modules over a commutative 
F-algebra, there is a well-defined Galois groupoid Aut®(w). This is a groupoid 
scheme which acts transitively on Spec(fc) and whose source and target maps give 
rise to a fiat morphism Aut®(a;) Spec(fc) x p Spec(fc). In the particular case of 
the Tannakian subcategory generated by the Tate motive Q(l) - Theorem 1.7(i) 
- the associated Galois groupoid is a G„i-bundle over Spec(fc) x p Spec(fc) and the 
images u!{Q{n)) of the Tate motives become identified with vector bundles over 
Spec(fc). 

Proof. Let us start by proving item (i). Recall from the proof of [l-^, Thm. 1.7] the 
construction of the following commutative diagram 

H p 

(1.11) Chow(fc)F ^ Chow(fc)i?/_gQ(i) NChow(fc)F ^ sVect(A;) 



Chow(fc) p/Kei (Chow(fc) F/_gQ(i))/Ker — ^ NHom(fc) F^=r- sVect{k) 

Num{k)p 9- Num(fc)_F/_^Q(i) s- NNum(fc)F , 

where Ker stands for the kernel of the respective horizontal composition towards 
sVect(A:). Since by hypothesis k is of characteristic zero, the proof of [ I "), Thm. 1.3] 
shows us that the upper horizontal composition in (1.11) identifies with the functor 

(1.12) sH*^ : Chow(fc)f -4 sVect(fc) ^ ( H^niZ), HJ^^iZ) 

\n even n odd 

Hence, its kernel Ker is exactly the same as the one associated to dc Rham coho- 
mology 

H*^ : Chow(fc)F — > GrVect(fc)>o Z ^ {i/^'j^(Z)}„>o . 

As a consequence, the pseudo-abelian envelope of Chow(fc)i?/Ker agrees with the 
classical category Hom(fc)i? of homological motives; see [2, §4]. The two lower com- 
mutative squares in (1.11), combined with the fact that Nuni{k)p and NHom(fc)i? 
are idempotent complete, give then rise to the following commutative diagram 

(1.13) Hom(A:)F ^^NHom(fc)i. 



Num(A:) p ^ NNum(fc) p . 

By construction of Num(A:)i? and NNum(fc)i?, the kernels of the vertical functors 
in (1.13) are precisely the largest (8i-ideals of Hom(fc)F and NIIom(A:)F. Hence, 
the commutativity of diagram (1.13) allows us to conclude that the functor $ is 
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radical, i.e. that it preserves these largest (8)-ideals. Now, note that by construction 
the following composition 

Hom(A:)F NHom(fc)i. ^ sVcct(A:) 

is the factorization of the above functor (1.12) through the category Hom(A;)F of 
honiological motives. In particular, it is faithful. By applying ["), Prop. 2] to HP^ 
and ifP* o $, we obtain then an induced F-linear O-functor $ : Hom^(fc)^ 
NHom'l'(fc)|. This functo r is also radical and so it gives rise to the following solid 
commutative square 



Hom^(fc)| ^ NHom^(fc) 



Num^(fc)| ^ NNumt(fc)^ . 

The dotted arrows denote the ^-sections provided by [5, Thm. 8 a)]. Note that the 
unconditional motivic Galois group Gal^i? is given by the (8>-automorphisms of the 
composed fiber functor 

ujdR ■■ Num^(fc)| Hom^(fc)| A NHom^(fc)| Vect(fc) . 

Since $ is radical, [•:), Prop. 12.2.1] and [.':!, Prop. 13.7.1] imply that the two (E)- 
functors 

$ o s : Num^(fc)| — > NHomt(fc)± s^<^ o $ : Num^(fc)| — > NHom^(fc)| 

are naturally isomorphic (via a ^-isomorphism) . As a consequence, the above fiber 
functor ujdR becomes naturally (25-isomorphic to the following composition 

Numf (fc)^ A NNum^(fc)^ Vcct(fc) . 

Hence, by definition of the unconditional motivic Galois groups, the functor $ gives 
rise to a well-defined group homomorphism Gal^p Gal^fl. Now, note that the 
Tate motive Q(l) clearly belongs to the category Hom(/c)^. Hence, let us denote 
by (Q(l)) the Tannakian subcategory of Num^(fc)^ generated generated by Q(l) 
and write Galdi?(Q(l)) for the group of ®- automorphisms of the fiber functor 

(1.14) (Q(l)) A Numt(fc)± Vect(fc) . 

The inclusion t gives then rise to a well-defined surjective group homomorphism 
t : Gald_R -» Gald_R(Q(l)). It remains then to show that the composition 

(1.15) Gal^c* — > GaW GaW(Q(l)) 

is trivial. Since the categories Num^(fc)^ and NNum^(fc)^ are abelian semi-simple 
and $ is i^-linear and additive, we conclude that $ is moreover exact, i.e. it preserves 
kernels and cokernels. Thanks to the commutative diagram (1.11) we observe that 
the image of Q(l) under $ is precisely the ®-unit k of Num^(fc)^. Hence, since $ 
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is also symmetric monoidal, we obtain the following commutative diagram 

(1.16) (Q(l)) (fc) 

t 

Numt(fc)| NNumt(fc)± , 

where (fc) denotes the Tannakian subcategory of NNum^(fc)^ generated by k. The 
group of (g)-automorphisms of the fiber functor 

(fc) ^ NNumt(A:)± Vect(fc) 

is clearly trivial, and so from the commutativity of diagram (1.16) we conclude that 
the above composition (1.15) is trivial. This concludes the proof of item (i). 

In what concerns item (ii) we need to show that the comparison homomorphism 
(1.9) is surjective and that Galrffl;((Q)(l)) agrees with the multiplicative group G,n- 
Let us start with the latter claim. Note that (Num^(fc)^, w, Q(l)) is a Tate sub- 
triple of the one described in [15, Example A.5(i)]; where w stands for the weight 
Z-grading. Since by hypothesis k = F this Tate triple is moreover neutral, with 
fiber functor given by WdR- As explained in the proof of [: , Prop. 11.1], the weight 
Z-grading of the Tate triple structure furnish us the following factorization 

(Q(l)) GrVect(/t) 
u 

Vect(fc) 

of the fiber functor (1.14), where GrVect(fc) is the category of finite dimensional 
Z-graded fc- vector spaces and U the forgetful functor {F„}„gz H> (Bn&zVn- The 
argument in loc. cit. allows us then to conclude that GaldH(Q(l)) ~ Gm. Let 
us now prove that the comparison homomorphism (1.9) is surjective. By applying 
the general [15, Prop. 11.1] to the neutral Tate-triple (Num^(A:)^, w, (Q(l), w^fl) we 
obtain the following group isomorphism 

(1.17) Gal ((Numt(fc)±/_^Q(i))^) ^ Ker(t : GaW -» Gm) , 

where the left-hand-side is the group of ®- automorphisms of the composed functor 
(Numt(fc)±/_^Q(i))^ NNumt(fc)± ^ Vcct(fc) . 

We now claim that is surjective. Consider the composition at the bottom of 
diagram (1.11), and recall that the functor Num(fc)fc/_^Q(i) NNum(fc)fe is fully- 
faithful. By first restricting ourselves to Num(fc)^ and then by modifying the 
symmetry isomorphism constraints we obtain the following composition 

(1.18) Numt(fc)± (Num(fc)±/_«Q(i))t A NNumt(fc)± . 

The general [15, Lemma B.9] (applied to C = Num(/s)^ and O = Q(l)) furnish us 
a canonical (gj-equivalence 

Numt(A:)^/_^Q(i) ^ (Num(fc)^/_^Q(i))t . 
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Hence, since is fully- faithful and NNuni^(fc)^ is idempotent complete we conclude 
that is also fully-faithful. As a consequence, we obtain an induced surjective 
group homomorphism 

GalSf Gal ({^nu,\k)^U^^,)f) . 

By combining it with the isomorphism (1.17) we conclude finally that the compar- 
ison group homomorphism (1.9) is surjective. This achieves the proof of item (ii). 

Let us now show item (iii). Similarly to the explanations given after Defini- 
tion 1.5, whenever we assume the standard conjectures C and D the Galois group 
GaldR reduces to the classical motivic Galois group Gal(Num^(fc)fc). Moreover, 
throughout a careful verification one observes that the arguments used in the proof 
of item (ii) reduce to those used in the proof of Thm. 1.7]. This shows item 
(iii) and hence concludes the proof. □ 

2. (g)-NILPOTENCE AND ORBIT CATEGORIES 

In this section, which is of general interest, we show that orbit categories are 
well-behaved with respect to (g)-nilpotence. In what follows, C will be a F-linear, 
additive, rigid symmetric monoidal category. 

Recall from [3, §7.4] that the (g)nii-ideal of C is given by 

«)„ii(X, Y) := {/ G Homc(^, Y) \ /®" = for n > 0} . 

By construction, is a (8)-ideal. Moreover, all its ideals (E)ni\{X, X) C Homc(X, X) 
are nilpotent; see [3, Lemma 7.4.2 (ii)]. As a consequence, the quotient functor 
C — > C/®nii is not only .F-linear, additive and symmetric monoidal but moreover 
conservative; see [S, Lemma 3.1]. Furthermore, since idempotents can be lifted 
along nilpotent ideals (see [8, Prop. 3.2]), whenever C is idempotent complete so it 
is the quotient category C/(^nii- 

Now, let O be a d2)-invertible object of C. Recall from [17, §7] the construction 
of the orbit category C/-.,^o- H has the same objects as C and morphisms given by 

Homc/_^„ {X, Y) Homc(X, Y ^ O®') . 

The composition law is induced by C. By construction, Cj-t^o is F-linear, additive, 
and it comes equipped with a canonical projection functor t : C — > C/-i^o- More- 
over, T is endowed with a natural 2-isomorphism to (— ® O) =► r and is 2-universal 
among all such functors. As proved in [17, Lemma 7.3], the orbit category Cj-i^o 
inherits a natural symmetric monoidal structure from C making the projection func- 
tor T symmetric monoidal. On objects this monoidal structure is the same as the 
one on C On morphisms it is defined as the unique bilinear map 

0Homc(X, r0C®^)x0Homc(Z, W®0®^) 0Homc(X®Z, {Y®W)®0®^) 

jGZ j&L jez 

sending the homogeneous maps ]i : X ^Y ® O®^ and ga Z ® O®^ to the 

homogeneous map 

(/ ® 9)i^+s) -X^Z Y (R) O®' (^W O®" ^ {Y (i)W) (X) c>»(^+«) , 
where the right-hand-side map is the commutativity isomorphism constraint. 
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Proposition 2.1. The identity functor on C gives rise to a (E)- equivalence 

e : (C/®„ii)/_«o ^ (CA»G)/8)„ii 
making the following diagram commutative 
(2.2) C CUo 



(C/(8)„ii)/_oo 

C/®„ii ^ (C/_go)/®„ii 

Proof. Let us start by showing that is weh-defirLcd. On one hand, an element of 
Honi(c/^^.iy_^^ (X, Y) consists of a sequence {[/jlljGZ, where fj : X ® O®^ is 
a morphism in C, [/j] is the class of fj in C/®nii and [/j] = for |j| ^ 0. On the 
other hand, an element of Hom(c/_^|^y^^.j(X, y) is the class [{/jIjgz] of a sequence 
{fjjjeZi where fj : X — > F (g) O®^ is a morphism in C and fj = for \j\ > 0. 
Hence, in order to prove that the assignment 

{[fj]}jez ^ [{9j}jez] where 5, := | jf ^^^j^j^ f 

gives rise to a well-defined functor it suffices to show that for every i e Z the 
composition 

Homc(X, Y ® O®') A Homc(X, Y ® O^^") Hom(c/_^,)/55„„ (X, F) 

becomes trivial when restricted to (g)nii(X,y (g) O®*) C Homc(X, F ® O®'). Let 
/ : X ^- y ® O®* be a morphism in (g)nii(X, F «> O®*). By definition, there exist a 
natural number n ^ such that /®" = 0. Hence, by definition of the symmetric 
monoidal structure on C/-^^o, we observe that (-(Z)*^" agrees with the image of /®" 
under the inclusion 

Homc(X®", F®" (g) e)®("-^)) Homc(X®", F®" ® O®^') . 

Since /®" = 0, the morphism t(/) is (X)-nilpotent and so it vanishes in the Hom-set 
Hom(c/„go)/i8)„i,(-^i As a consequence, the above functor O is well-defined. By 
construction it is full and symmetric monoidal. Since the categories {C/^nii)/-0O 
and {C/-^o)/®nii have exactly the same objects we observe that O is moreover 
(essentially) surjective. It remains then to show that it is faithful. In order to 
prove this, consider an element {[/j]}jGZ of Homfc/^^.^y ^^^^ {X, F). Let max and min 
be the uniquely determined integers such that 

{0 when j > 
when j <r 
7^ when j 

Suppose that 0({/j]}jez) = 0. By definition, there exists then a natural number 
m ^ such that ({.9j}jez)®™ = in C/-^o- The symmetric monoidal structure 
on C/_®o allows us then to conclude that 5®™ = f^!^ = and .g®™ = /®™ in C. 
As a consequence, we obtain the following equality [/min] = [/max] = 0. Now, by 
applying the above argument recursively, we conclude that [fj] — for all j £ 
This shows that the functor 8 is faithful and so the proof is finished. □ 



>max 
'min 

=min. max . 
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3. Smash-nilpotence in the noncommutative world 

Throughout this section wc will assume that _F is a field of characteristic zero. By 
construction, the categories Chow(fc)i? and NChow(fc)i7 satisfy all the conditions 
of §2, i.e. they are i^-linear, additive, and rigid symmetric monoidal. Let us denote 
by Voev(fc)F and NVoev(fc)F the associated quotient categories Chow(fc)F/'8)nii 
and NChow(fc)F/(8'nii- Note that since Chow(fc)F and NChow(fc)i;- are idempotcnt 
complete so are the quotient categories Voev(A;)F and NVoev(fc)F. The category 
Vocv(fc)i? agrees with the one introduced originally by Voevodsky [Ls] using smash- 
nilpotence of algebraic cycles. The category NVoev(A:) p should be considered as its 
noncommutative analogue. This is justified by the following result. 

Proposition 3.1. There exist F -linear, additive, ®-Junctors R,R(^^^^,Rf^ making 
the following diagram commutative 

(3.2) Chow(fc) F Chow(fc) f/-®q(i) — ^ NChow(fc) p 



Yoev{k)F — ^ Voev(fc)j7/_gQ(i) ^ NVoev(fc)F 



Num{k)F — Num(fc)FA«,Q(i) NNum(fc)_F . 

Moreover, R, R(g)^^i and Rj\f are fully-faithful. 

Intuitively speaking. Proposition 3.1 formalizes the conceptual idea that all the 
categories of pure motives can be embedded into their noncommutative analogues 
after factoring out by the action of the Tate motive. 

Proof. Recall from [15, Prop. 4.4] the construction of the following commutative 
diagram 

Chow(fc)j;- — ^—^ Chow(fc)F/-(g)Q(i) — NChow(fc)i;' 

Num(A:)F — Num(fc)F/-«,Q(i) NNum(fc)_F , 

where R and R^/ are fully-faithful functors. The categories Num(fc)F and NNum(fc)F 
are obtained, respectively, from Chow(fc)F and NChow(fc)i? in two steps: first we 
factor out by the largest (8)-ideal (distinct from the entire category) and then we 
pass to the pseudo-abelian envelope. Hence, we obtain the following induced com- 
mutative diagram 

(3.3) Chow(A:) f — ^ Chow(fc) F/-(g>Q{i) — ^ NChow(fc) f 



Yoev{k)F ^ (Chow(fc)F/_,»Q(i))/«)nii ^ NVoev(/c)F 



' ' ' ' ' ' 

Num(fc)F — Num(fc)F/_^Q(i) s- NNum(fc)F 
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Since the functor R is fully-faithful, we conclude that so it is the induced functor 
By pre-composing R^^^^ with the canonical functor Q of diagram (2.2) 
(applied to the upper left square of (3.3) with C ~ Chow{k)p and O = Q(l)) we 
obtain then the functor and the above commutative diagram (3.2). □ 

4. NONCOMMUTATIVE NILPOTENCE CONJECTURE 

Throughout this section we will assume that is a field of characteristic zero. 
Given a smooth projective /c-scheme Z, recall from [2, §3.2] the definition of the 
i^- vector spaces Z^^.^{Z)f and Z*^^{Z)f of algebraic cycles. 

Voevodsky's nilpotence conjecture V{Z) (see [IS, Conj. 4.2]): We have 
the following equality Z^^.^{Z)f = Z*^^{Z)f- 

Let A he a, smooth and proper dg category A. Recall that by construction of 
the category of noncommutative Chow motives we have the following identification 

Ko{A)f ^ HomNChow(/c)F(fc,"4) . 

The ®-ideal ®nii gives then rise to a well-defined equivalence relation on Ko{A)f 
that we will denote by ~(g)„ii. Recall from [15, §10] that Kq{A)f is also endowed 
with a numerical equivalence relation denoted by '--^num- Motivated by Voevodsky's 
nilpotence conjecture we introduce the following 

Noncommutative nilpotence conjecture Vnc{-^)'- We have the following 
equality Ko{A)F/^(g,^ii= Ko{A)F/^num- 

Now, recall from [1, §3] that in any category which is i^-linear (with F of char- 
acteristic zero), idempotent complete, and symmetric monoidal, we have the well- 
defined notions of even, odd, and finite dimensional object. This applies in partic- 
ular to the categories Chow(fc)i? and NChow(fc)i?. 

Kimura-O'Sullivan conjecture KS{Z) (see [2, Conj. 12.1.2.1]): The Chow 
motive Z is finite dimensional. 

Noncommutative finiteness conjecture KSNci-^)'- The noncommutative 
Chow motive A is finite dimensional. 

The web of relations between all the above conjectures is the following: 
Theorem 4.1. (i) Conjecture V{Z) is equivalent to conjecture VNc{T^'^^^f{Z)). 

(ii) Conjecture KS{Z) implies conjecture KSjyciT^perfi^)) ■ 

(iii) Assume that k is a field extension of F or vice-versa. Then, conjectures 
Vjvc((-^°'^)'^" (i^ A®"),n > 1, combined with the noncommutative standard 
conjecture Cjvc(-4.)7 imply conjecture KSpfciA). 

(iv) // conjecture KS^c holds for every smooth and proper dg category and 
all the ^-functors NChow(fc)i? sVect(i) (with L a field extension of F) 
factor through l>lNnni{k) F , then conjecture Vnc holds also for every smooth 
and proper dg category. 

Remark 4.2. Item (i) shows us that when restricted to the commutative world the 
noncommutative nilpotence conjecture reduces to Voevodsky's original conjecture. 
This not only justifies its correctness but moreover stimulates the use of noncom- 
mutative ideas and methods in order to prove Voevodsky's original conjecture. In 
what concerns item (ii) it is unclear to the authors if the converse statement holds. 
Roughly speaking, this would amount to "lift" a decomposition of 'D'^^rf{Z) into a 
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decomposition of Z . Item (iii) shows us that the finite dimensionahty of a non- 
commutative Chow motive can be recovered from the algebraicity of the Kiinncth 
projectors and from the agreement between (gj-nilpotence and numerical equiva- 
lence. Finally, item (iv) should be considered as a global converse statement of 
item (iii) , with Cj^c replaced by a strong variant of the noncommutative standard 
conjecture Dnc- 

Proof. Let us start by proving item (i). Recall from [17, Thm. 1.1] that the image 
of Z under the composed functor 

(4.3) Chow(fc) F Chow(fc) f/-®q(i) ^ NChow(fc) p 

identifies naturally with the noncommutative Chow motive 2?pf|.f(^)- Similarly, 
the image of Spec(fc) identifies with I'pfrf (Spec(fc)) which is Morita equivalent to 
k. Hence, the lower right square of (3.2) gives rise to the following commutative 
diagram 

Homvocv(fc)j./_«e(i) (Spec(fc), Z) *- HomNVocv(fc)f it, ^^ptf (^)) 



HomNum(fc)f/„«e(i) (SpGc(fc), Z) 



■ Horn 



NNum(/c)F 



By construction of the categories Voev(A:)i?. Num(fc)F, NVocv(fc)F, and NNum(fc)F 
we observe that the preceding commutative diagram reduces to 



(4.4) 



■Ko{V%,iZ))F/^ 



2^nnmiZ)F ^ > A'o (Ppf^ (Z) )F/'-^num , 

where the horizontal maps are isomorphisms since i?®„i, and R_\f arc fully-faithful. 
Now, let us assume Voevodsky's nilpotence conjecture V{Z), i.e. let us assume that 
the left vertical map in diagram (4.4) is an isomorphism. The commutativity of this 
diagram then implies that the right vertical map is also an isomorphism. This is 
precisely the statement of the noncommutative nilpotence conjecture VNciT^perfiZ)) 
and so the proof is finished. 

Item (ii) follows from the fact that the functor (4.3) is F-lincar, additive, and 
symmetric monoidal and that finite dimensionality is preserved under _F-lincar ad- 
ditive ^-functors. 

Let us now prove item (iii). Note first that the category NChow(A:)F is en- 
dowed with three distinct d2)-ideals: the ideal (E)ni\ described in §2, the kernel 
Ker{HP^,) of the (8)-functor (1.1), and the largest (g)-ideal J\f of those noncom- 
mutative correspondences which are numerically equivalent to zero. Since there 
are no non-trivial (Ki-nilpotent morphisms in sVect(fc) the following inclusions hold 
'8'nii C Ker{HP^) C TV. As a consequence, the i^-algebra IIomNChow(fc)jr (-4, ^) 
inherits these distinct ideals 



(4.5) 



(8)nii(A^) ^ KcT{HP^)iA,A) c Af{A,A) . 
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Now, since the dual of a smooth and proper dg category A is its opposite dg category 
(see [(>, Thm. 4.8]), we have the following identification 

HomNChow(fc)F {A, A) ~ HoniNChow(fe)F {k, -4°^ (g) A) . 

Assuming conjecture Vnc (-4°'^ ® -4) we then conclude that the above three ideals 

(4.5) are in fact the same. Hence, we obtain the following equalities 

(4.6) EndNciiow(fc)F(-4) = EndNHom(fc)F (-4) = EndNNu,„(fc)^ (^) . 

Moreover, assuming the noncommutative standard conjecture CNci^) '^^ have an 
idempotent tt^ G EndNHom(fc)F (-4) which is mapped to the Kiinneth projector 

7r+ : TTK TTK^iA) TTKiA) . 

As explained in §2. the ideal iS)nii{A,A) is nilpotent. Hence, the idempotent 
can be lifted along the projection 

EndNChow(fc)F(-4) ^ EndNHom(fe)F (-4.) • 

The category NChow(fc)F is idempotent complete and so let us denote by ^ = 
A+ ® A- the associated direct sum decomposition. It remains then to show that 
A+ (resp. A-) is an even (resp. odd) object. The arguments are similar in 
both cases and so we restrict ourselves to A+. All the functors in the following 
composition are symmetric monoidal 

NChow(A:)F — > NVoev(fc)F — > NHom(fc)F ^ sVect(if ) . 

Since HP^, is moreover faithful and every object in sVect(A:) is even, we conclude 
that there exists an integer m > such that the exterior power A^{A+) vanishes in 
NHom(fc)i?. Now, assuming the conjectures Vnc{{A°'')^^'' ®A'^"),n > 1, we con- 
clude (using the same argument as above and the fact that (^°p)®" = (^®")°p) that 
the equalities (4.6) hold also when A is replaced by A^^,n > 1. As a consequence, 
the functor NVoev(fc)F — s- NHom(fc)F becomes fully-faithful when restricted to the 
direct summands of the noncommutative motives A'^^,n > 1. Since by definition 
A™(^+) is a direct summand of A'^™ we conclude that the exterior power A"' (^+) 
already vanishes in NVoev(fc)F- Finally, the conscrvativity of the projection func- 
tor NChow(A:)F NVoev(A:)F (see §2) allows us to conclude that A+ is even in 
NChow(A:)F. This concludes the proof of item (iii). 

Let us now prove item (iv). Recall that by construction every noncommutative 
Chow motive is a direct factor of a smooth and proper dg category. Since finite 
dimensionality is stable under direct factors, we then conclude from our hypothesis 
that every noncommutative Chow motive is finite dimensional. Hence, NChow(fc)F 
is a Kimura-O'Sullivan category in the sense of [1, Def. 3.3]. As explained in [1, 
§3.7], the ®-ideal (X)nii can then be expressed as the intersection of the kernels 
of all the (X)-functors NChow(fc)F — > sVect(L) (with L a field extension of F). 
Since by hypothesis all these functors factor through NNum(fc)F we conclude that 
Af C <E)m\- Now, recall from [ I .'>, §3.2] that TV is the largest (8)-ideal of NChow(fc)F 
(distinct from the entire category). Hence, Af = <E)ni\ and so we conclude that the 
noncommutative nilpotent conjecture Vnc holds for every smooth and proper dg 
category. This concludes the proof of item (iv) and hence of the theorem. □ 

Acknowledgments: The authors are very grateful to Michael Artin, Eric Fried- 
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